The notion of an int-soft deductive system of a BL-algebra is introduced, and several properties are investigated. Characterizations of an int-soft deductive system in a BL-algebra are established. Given a soft set F L , the least int-soft deductive system of a BL-algebra L which contains F L is constructed.
Introduction
Fuzzy logic grows as a new discipline from the necessity to deal with vague data and imprecise information caused by the indistinguishability of objects in certain experimental environments. As mathematical tools fuzzy logic is only using [0, 1]-valued maps and certain binary operations * on the real unit interval [0, 1] known also as left-continuous t-norms. It took sometime to understand partially ordered monoids of the form ([0, 1], ≤, * ) as algebras for [0, 1]-valued interpretations of a certain type of non-classical logic-the so-called monoidal logic. BL-algebras, which have been introduced by Hájek as algebraic structures of Basic Logic, arise naturally in the analysis of the proof theory of propositional fuzzy logics. In [5] , Ko and Kim investigated some properties of BL-algebras, and they [6] also studied relationships between closure operators and BL-algebras. Jun and Ko [3] showed that a deductive system of a BL-algebra can be represented as a union of special sets, and gave a characterization of a deductive system of a BL-algebra. They also discussed how to generate a deductive system by a set, and investigated some related properties. Jun et al. [4] introduced special sets in a BL-algebra, and gave an example in which a special set is not a deductive system. They stated conditions for these special sets to be a deductive system. Using this special set, they provided an equivalent condition of a deductive system. They proved that a deductive system can be represented by the union of such special sets. They also introduce the notion of commutative BL-algebras, and gave its characterizations. They discussed the notion of sensitive deductive systems, and gave some conditions for a deductive system to be a sensitive deductive system. In this paper, using the soft set theory, we introduce the notion of intsoft deductive system of a BL-algebra, and investigate several properties. We establish characterizations of an int-soft deductive system in a BL-algebra. Given a soft set F L , we build the least int-soft deductive system of a BLalgebra L which contains F L .
Preliminary Notes

Basic results on BL-algebras
Definition 2.1 ( [9] ) A BL-algebra is an algebra (L,∧,∨, ,→,0, 1) of type (2, 2, 2, 2, 0, 0) that satisfies the following conditions:
and → form an adjoint pair, i.e., z ≤ x → y if and only if x z ≤ y for all x, y, z ∈ L, where ≤ is the lattice ordering on L, 9] ) Let L be a BL-algebra. The following properties hold: 
Basic results on soft set theory
Soft set theory was introduced by Molodtsov [7] and Ç aǧman et al. [1] .
In what follows, let U be an initial universe set and E be a set of parameters. We say that the pair (U, E) is a soft universe. Let P(U ) (resp. P(E)) denotes the power set of U (resp. E).
By analogy with fuzzy set theory, the notion of soft set is defined as follows:
or, equivalently, any set
for A ∈ P(E).
Definition 2.6 ([1])
Let F A and F B be soft sets of E. We say that F A is a soft subset of F B , denoted by
Int-soft deductive systems
In what follows, denote by S(U, L) the set of all soft sets of L over U where L is a BL-algebra unless otherwise specified.
where
Example 3.2 Let L = {0, a, b, 1} and 0 < a < b < 1. For all x, y ∈ L, we define x ∧ y = min{x, y}, x ∨ y = max{x, y}, and and → as follows:
where γ 1 , γ 2 and γ 3 are subsets of U with γ 1 γ 2 γ 3 . Then F L is an int-soft deductive system of L. For every x, y ∈ L, define x ∧ y = x (x → y) and
where γ 1 and γ 2 are subsets of U with γ 1 γ 2 . Then F L is an int-soft deductive system of L.
We provide characterizations of a deductive system. 
Conversely, suppose that F L satisfies two conditions (1) and (2) 
is a deductive system of L, and hence F L is an int-soft deductive system of L.
of L if and only if the following assertion is valid:
Proof. Assume that F L is an int-soft deductive system of L and let x, y, z ∈ L be such that x → (y → z) = 1. It follows from (1) and (2) that
Conversely, suppose that
Note that x → (y → z) = x y → z for all x, y, z ∈ L. Thus the following corollary follows from Theorem 3.5.
Then F L is an int-soft deductive system of L if and only if the following assertion is valid:
Then F L is an int-soft deductive system of L if and only if the following assertions are valid:
Proof. Let F L be an int-soft deductive system of L and let x, y ∈ L. If 
Conversely, assume that F L satisfies two conditions (5) and (6) . Let x, y, z ∈ L be such that x y → z = 1, i.e., x y ≤ z. Then
Hence, by Corollary 3.6, we know that F L is an int-soft deductive system of L.
Corollary 3.8 For any int-soft deductive system F L of L, the following properties hold:
, where x n = x x · · · x in which x appears n-times for n ∈ N,
by (1) and (2).
(2) Lemma 2.2(3) and
(3) It follows from (2) . (4) Note that x ¬x = 0 for all x ∈ L. Using (2), we have
for all x, y ∈ L.
(5) follows from Lemma 2.2(6), (5) and (2).
Hence G L⊆ H L . Theorem 3.9 shows that the int-soft deductive system G L is the least intsoft deductive system of L that contains the given soft set F L . We say that G L is the int-soft deductive system of L generated by F L , and is denoted by F L where
The following example illustrates Theorem 3.9.
One can easily check that the int-soft deductive system generated by F L is
, and so
, let a ∈ L satisfy the following assertion:
Proof. For any x ∈ L, we have
Using (8) and (10) 
that is, b ≤ a → (x → y). It follows from Lemma 2.2(10) that
and so that a → (a → (x → y)) = 1. Thus
for all x ∈ L and k ∈ N. This completes the proof.
Proposition 3.14 Let F L ∈ S(U, L) be order-preserving and satisfy (1).
by (8) and (10) in Lemma 2.2, and so
, which completes the proof. The following example shows that there exists
Example 3.15 Consider the BL-algebra L = {0, a, b, c, d, 1} in Example 3.3. Let F L ∈ S(U, L) be given as follows:
where {γ 1 , γ 2 , γ 3 , γ 4 , γ 5 } is a class of subsets of U which is a poset with the following Hasse diagram:
We provide conditions for a set F L [a k ; b] to be a deductive system.
then F L [a k ; b] is a deductive system of L for all a, b ∈ L and k ∈ N.
Proof. Assume that L satisfies (9) . Using (8), (9) and (10) in Lemma 2.2, we have
for all x, y, z ∈ L. It follows from Lemma 2.2(11) that (∀x, y, z ∈ L) (x → (y → z) = (x → y) → (x → z)) .
Let a, b, x, y ∈ L and k ∈ N be such that
which implies that a k → (b → x) = 1 since f L is injective. Using (10), we have
is a deductive system of L for all a, b ∈ L and k ∈ N. Theorem 3.17 Let F L ∈ S(U, L) in which f L is injective. If L satisfies the following inequality:
Proof. Assume that L satisfies (11). Then we have (∀x, y, z ∈ L) (x → (y → z) = (x → y) → (x → z))
by Lemma 2.2(11). If we put y = x and z = y in (12), then
x → (x → y) = (x → x) → (x → y) = 1 → (x → y) = x → y.
It follows from Theorem 3.16 that F L [a k ; b] is a deductive system of L for all a, b ∈ L and k ∈ N.
